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What will we talk about?

• How to construct a module for a 9-point ring/star?
• Does the same constructions work in case of circle 

paper?
• Is it possible to fold a ring / a star with another number of 

points?
• Are the 9-point star and the other stars folded 

mathematically exact?
• How to use a computer software Geogebra to analyze 

constructions and properties of rings?
• Is it possible to design Twirl Models based on the ring 

modules?
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Let’s fold a module …

1. Fold 30°
line

2. Fold 60°
line

3. Bisect a 
right angle

4. Join two 
points

5. Form a 
module
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Let’s fold a module …
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Form a module
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A Ring / A Star

• Join modules
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Unexpected 
result –
a 9-point star
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A Sequence of folds

• Three angles.
• The segment of a diagonal.
• The segment between two 

points.

6

Try to 
describe 
and name it 
step by step

© Krystyna Burczyk, 2011



Circles

The same constructions work in case of circle 
paper, but …
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… you should decide …
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Let’s fold a circle!

Construction:
1. A square in a 

circle.
2. An angle 30º.
3. The second 

angle 30º.
4. The part of a 

diagonal of 
the square.

5. A segment 
between two 
points.
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A Ring

Form a module.

Join modules.
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Question and Answer

Is it possible to fold star with other 
number of points?
• Steps 1-2 of the folding sequence 

divided the right angle into three 
equal angles, 30° each

• Different angles allow the same 
construction and produce other stars
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Answers
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15-30-45

22,5-33,75-33,75

15-37,5-37,5
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Another Question and the First Answer

Is the 9-point star construction exact ?
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You may follow the construction and 
calculate angles or …
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The Second Answer

… You may follow the reasoning:
• The 9-gon is not constructible 

with compass and ruler
• The module construction use 

only constructions possible 
with compass and ruler

• So the construction is not 
exact.
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Is the 9-point star construction exact?

1. A polygon: a square KLMN.
2. A diagonal LN.
3. Two points on the diagonal: 
C and P.
4. Two points A and B on the 
edge of the square: �	 ∈ ��
and �	 ∈ ��.
5. A segment CA.
6. Three angles: α, β and γ 
(α + β + γ = 90°).
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Let’s look at your module  and find a way to 
draw folded constructions with Geogebra
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Draw with Geogebra

7. A point D: 	 ∈ �
 and
	∠
�	 � ∠
��	 � 	∠���
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Draw with Geogebra

8. A bisector of an angle 
DCK.
9. A point E on the bisector 
and the segment KN. 
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Draw with Geogebra

10. A segment CF is a 
reflection of the segment 
CD across line EC.
11. A segment EF.
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Draw with Geogebra

12. A reflection of the line EF 
across line KC.
13. A point G is an intersection 
of the reflection with the 
segment KA.
14. A segment FG.
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Draw with Geogebra

15. A reflection of line FG 
across the line KA.
16. A point H is the 
intersection of the reflection 
with the segment KL.
17. An angle HGA.
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Draw with Geogebra

The angle HGA is the angle 
between modules..

The angle should be 140°
degree for a 9-pointed star.
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Rings / Stars
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15-30-45

22,5-33,75-33,75

15-37,5-37,5
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Versailles

The modules may be twisted …



Short history

• Designed when we  visited 
Versailles (Paris, France) in 
September 2010

• Originally as a flower made 
of right and left modules
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Versailles – kusudamas
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Kusudama
8 x 6

with holes

Kusudama
12 x 10

with holes
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Versailles

• The module has three different flaps 
resulting in three different spirals

• To join the same size spirals around a 
macro-module (a flower) two mirror 
versions of the module must be used, only 
even number of petals are possible

• Three different sizes of flaps generate 
three different macro-modules for every 
version of the module (different orientation 
of modules in a macro-module)
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Versailles

Spiral system is in fact more flexible than expected 
and allows different sizes of spirals to be joined 
together so the odd number of modules in a 
macro-module is possible. 
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One module 30-30-30, a few different flowers!
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Versailles

• Flowers of the other division of a right 
angle
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• … and the 
other ways of 
joining 
modules
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Versailles

And beautiful kusudama 12x5
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Versailles

The same constructions work in case of triangle and 
other polygons. You may try. There are enough 
ideas for everybody…
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Rings and Versailles – origami results

• Small number of lines used in folding process of a 
module still allows large area for variations.

• Simpler construction are better for 
parameterization as they introduce less internal 
constrains 

• Parameterization of the geometrical construction 
opens a “new land” for development

• Additional variation is introduced at macro-module 
stage (different arrangements of modules)

• Finally single design of a module folding may lead 
to huge variety of similar to some extent, but 
different models
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Versailles – math problems

• Different approach to checking the 
accuracy of the construction.

• Two ways of empirical examination of the 
construction:

–Paper folding
–Computer program

• Generalization of the construction (from 
square to other shapes.
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Thank you 

and 

Welcome to the Twisted World of Twirls

Krystyna and Wojtek Burczyk


